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Abstract
Extending the results of [10], [11] on the holographic representation of local gauge field operators
in anti de Sitter space, here we construct the bulk operators for higher spin gauge fields at the leading
order in 1N expansion. Working in holographic gauge for higher spin gauge fields, we show that gauge
field operators with integer spin s > 1 can be represented by an integration over a ball region, which
is the interior region of the spacelike bulk lightcone on the boundary. The construction is shown to be
AdS-covariant up to gauge transformations, and the two-point function between higher spin gauge fields
and boundary higher spin current exhibit singularities on both bulk and boundary lightcones. We also
comment on possible extension to the level of three-point functions and carry out a causal construction
for higher spin fields in de Sitter spacetime.
1 Introduction
It is well-known through the AdS/CFT correspondence [1] that a strongly-coupled conformal field
theory (CFT) with a large number of colors in d dimensions is dual to a semiclassical gravity theory in
d + 1 dimensional anti de Sitter spacetime (AdS), which is a local field theory. In [2] and [3], the so
called GKPW prescription, explicit operator dictionaries were constructed that relates near-boundary
bulk fields to operators in boundary CFT. To probe deeper, one has to identify the local operators deep
in AdS with non-local operators in the boundary CFT. In this prescription, the non-normalizable part
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of the bulk field acts as the source to the boundary operators and using standard bulk to boundary
propagators, the on-shell bulk fields are constructed. On the other hand, one can also take a slightly
different route which involves identifying the normalizable part of the bulk field with the expectation
value of the boundary operator itself (this can be done in Lorentzian-signature AdS/CFT as opposed
to the Euclidean case). It is then a natural question to ask whether an identification exists at the
(boundary) operator- (bulk) field level. For scalar field at leading order in large-N expansion this was
done in [4]-[6], and was further refined in [7]. The construction was carried out in [8] including bulk
interaction at order 1N , which also explained the equivalence between two different approaches: one where
we start from the CFT side and one where the local bulk operators are constructed using bulk equations
of motion [9]. In what follows, we implement the above-mentioned ‘normalizable mode’ prescription to
study these local bulk operators from the CFT side.
In [10] and [11], local operators with integer spins, especially gauge fields with zero mass such as
bulk photon field and graviton field were constructed. The construction was shown to be AdS covariant,
with two point functions between bulk gauge fields and boundary currents having bulk and boundary
light-cone singularities. Causality was shown to be respected by gauge-invariant operators such as
electro-magnetic field strength and Weyl tensor.1
In this paper, we extend the construction to higher spin gauge fields with s > 2. Even though
interacting higher spin gauge theory suffers from various no-go relations in flat space [12]-[16], in AdS
they can be well defined [17], [18]. Higher spin gauge field has recently attracted attention since a
certain consistent higher spin gauge theory with interactions in AdS space [19] is conjectured [20] to be
dual to free SO(N) vector model. Furthermore, the analytic continuation of this duality was proposed
as a realization of the idea of dS/CFT in [21], [22]. Recently [23] discussed the smearing construction
of scalars and spin- s gauge fields in dS.2 However the spin- s gauge field construction in [23] uses
the normalizable boundary condition of AdS and analytically continues the result to the dS space.
Such construction is manifestly acausal and kills either the positive or negative frequency modes of
the bulk field. In the present paper, we improve the situation by including both the modes, which for
AdS corresponded to both the normalizable and non-normalizable modes. This could be done by first
considering the AdS bulk operators in terms of their boundary values on a cut-off surface in the bulk
[24] and then analytically continuing the result to the dS space and subsequently taking the boundary
limits.
Another motivation to study bulk locality in the presence of bulk higher spin fields is intimately tied
to the understanding of the required CFT properties for it to have a local bulk dual. The smearing
1Here by (micro-) causality we will simply mean that the corresponding operator commutes with any other (bulk or
boundary) local operator at spacelike separation.
2Here and afterwards, we will simply assume some form of dS/ CFT correspondence in its flat slicing (which can be
generalized to the global coordinates). The bulk correlators are to be evaluated in Hartle-Hawking vacuum which when taken
to the boundary, correspond to the Euclidean CFT correlation functions.
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construction from a point of view of microcausality is quite tailor-made to address such questions. A
recent take towards answering such questions comes from the work of [25]-[27]. The basic conjecture is
that for a CFT to have a local bulk dual, all the single trace operators of spin greater than two should
have parametrically large dimensions. This is a statement to be made at the level of four-point functions
where we have the notion of locality of interactions and where interactions with spin- s gauge fields are
relevant in the bulk. It will be interesting to therefore see how does this constraint show up from the
perspectives of microcausality. Here we don’t study the four-point correlators and leave it for future
studies. A starting calculation to fully appreciate the complexity of the problem, seems to simply work
with a bulk scalar at this O(1/N2) order [28].
To construct gauge fields with higher spin, we work in holographic gauge (to be discussed shortly),
in which the calculation is simplified. We show that as in the cases for massless spin-1 and spin-2 fields,
one can construct local spin- s field in AdS bulk as a non-local operator smeared over certain region on
the boundary; for s > 1 the smearing function has support inside the bulk lightcone, while for s = 1 the
support is on the intersection between the bulk lightcone and the boundary (i.e. over a boundary ball
and a spherical region respectively). Applying AdS isometries on the bulk operators generically brings
the field out of the holographic gauge, but it is shown that one can always do a gauge transformation
to bring the field back to holographic gauge, thus establishing the AdS covariance of the construction.
Two-point functions of higher-spin fields and currents are calculated and shown to possess the singularity
structure compatible with microcausality.
The plan of the paper is the following: In section 2 we briefly review the holographic construction
of bulk scalar field, vector gauge field and graviton field, at the level of N0. In section 3 we extend the
construction to spin- s gauge field and get an explicit smearing function. In section 4 we check the AdS
covariance of the construction. It is shown that the construction, which is done in holographic gauge,
is not covariant under AdS isometries, but is covariant up to a gauge transformation. In section 5 we
look at two-point functions between a bulk gauge field and a boundary current where it is shown that
besides the singularity on the bulk lightcone, singularity generically arises also on boundary lightcone,
thus signaling non-locality for gauge fields. In section 6 we study the three-point function of higher
spin fields using the leading order smearing function and show that similar bulk and boundary lightcone
singularities arise there as well. Section 7 is devoted to the higher spin field construction in de Sitter
space. We conclude in section 8 with some comments on bulk locality in the contexts of higher spins
and provide prospective future directions. Previous studies of writing AdS4 higher spin gauge fields in
terms of boundary fields at all order in 1/N expansions (albeit, they were collective fields made out of
O(N) valued boundary fields) appeared in [29] and [30]. The present construction seems much simpler
and manifestly holographic.
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2 Holographic representation of scalar, vector and tensor fields
In this section we briefly review the construction of local spin-0 and massless spin-1, spin-2 fields in
AdSd+1/CFTd. We work in Poincare´ patch with metric (taking AdS radius RAdS to be 1)
ds2 =
1
z2
(
−dt2 + dz2 + dx2
)
(1)
A bulk scalar with dimension ∆ = d2 +
√
m2 +
(
d
2
)2
≡ ν + d2 can be constructed via summing over all
normalizable modes in the bulk [7]:
Φ (t, z,x) =
∫
|ω|>|k|
dωdd−1kaωke
−iωteik·xz
d
2 Jν
(
z
√
ω2 − k2
)
(2)
with the mode related to a boundary local operator by
aωk =
2νΓ(ν + 1)
(2π)d
(
ω2 − k2
) ν
2
∫
dtdd−1xeiωte−ik·xO(x) (3)
Putting aωk into the mode sum one obtains the representation of a local scalar field in AdS bulk as an
integral on the boundary with compact support, via complexifying the boundary spatial coordinates.
Φ(t, z,x) =
Γ(∆− d2 + 1)
π
d
2 Γ(∆− d+ 1)
∫
t′2+y′2<z2
dt′dd−1y′
(
z2 − t′2 − y′2
z
)∆−d
O(t+ t′,x+ iy′) (4)
For ∆ > d − 1 the integral is well-defined, but it diverges for ∆ = d − 1 which is a tachyon with mass
m2 = 1−d. The construction in this case was carried out in [11], where it turns out that the integration
domain is on the sphere Sd−1 on which the bulk lightcone intersects with the boundary:
Φ(t, z,x) =
1
V ol(Sd−1)
∫
t′2+y′2=z2
dt′dd−1y′O(t+ t′,x+ iy′) (5)
where V ol(Sd−1) = 2pi
d
2
Γ( d2 )
is the surface area of a (d− 1) sphere.
The construction for scalars are very useful for the construction of gauge fields; the case for gauge
fields (in holographic gauge) can always be reduced to the scalars with certain mass and be directly
constructed with the help of the results discussed above for scalars.
Let’s start from massless spin-one field. In this case, the source-free bulk Maxwell equation
∇MF
M
N = 0 (6)
can be solved in holographic gauge
Az = 0 (7)
One can further impose that
∂µA
µ = 0 (8)
which can be thought of as the conservation of the boundary current ∂µA
µ ∼ ∂µj
µ = 0. Here the Greek
index µ runs from 0 to d − 1 of the boundary coordinates, while the capital letters M and N run from
0 to d, including the radial or holographic coordinate z. The bulk equation for Aµ becomes
∂ν∂
νAµ + z
d−3∂z
(
z3−d∂zAµ
)
= 0 (9)
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Defining
Φµ ≡ zAµ (10)
the equation for Aµ can be written as the free-wave equation for a multiplet of scalars with mass squared
m2 = 1− d
∂α∂
αΦµ + z
d−1∂z
(
z1−d∂zΦµ
)
+
d− 1
z2
Φµ = 0 (11)
Thus the gauge field Aµ can be constructed via the construction of scalars Φµ:
Aµ(t, z,x) =
1
z
Φµ(t, z,x) =
1
V ol(Sd−1)
1
z
∫
t′2+y′2=z2
dt′dd−1y′jµ(t+ t
′,x+ iy′) (12)
The construction for graviton is similar. Working in holographic gauge
hzz = hzµ = 0 (13)
one solves the bulk equation for linearized graviton propagation in AdS space
∇Q∇
QhMN − 2∇Q∇Mh
Q
N +∇M∇Nh
Q
Q − 2dhMN = 0 (14)
One can further impose the conditions
hαα = 0 , ∂µh
µν = 0 (15)
because of the conservation of the boundary currents and tracelessness of the stress tensor
∂µT
µν = 0 (16)
∂µ (xνT
µν) = T νν = 0 (17)
The µν component of the bulk equation then gives
∂α∂
αhµν + ∂
2
zhµν +
5− d
z
∂zhµν −
2(d− 2)
z2
hµν = 0 (18)
Defining a multiplet of scalars
Φµν ≡ z
2hµν (19)
we have the equation for Φµν as an equation for massless scalars
3
∂α∂
αΦµν + z
d−1∂z
(
z1−d∂zΦµν
)
= 0 (20)
Therefore the bulk graviton can be represented as
hµν(t, z,x) =
Γ(∆− d2 + 1)
π
d
2 Γ(∆− d+ 1)
1
z2
∫
t′2+y′2<z2
dt′dd−1y′
(
z2 − t′2 − y′2
z
)∆−d
Tµν(t+ t
′,x+ iy′) (21)
3Similar relations between massless free scalars and the transverse traceless modes of the gravitons (as well as of its
super-partners gravitino and gravi-photons, if present) were recognized very early in e.g. [31].
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3 Holographic representation of massless spin- s field
In this section we carry out the construction for a general integer spin gauge field in AdSd+1 in terms
of smeared local operators in the field theory.
As is well known, massless gauge fields in AdS are represented by totally symmetric rank-s tensor
ΦM1...Ms satisfying double-tracelessness conditions.
ΦMNMNM5...Ms = 0 (22)
The linearized equation of spin- s gauge field on AdSd+1 is [19], [32], [33],
∇N∇
NΦM1...Ms−s∇N∇M1Φ
N
M2...Ms+
1
2
s(s−1)∇M1∇M2Φ
N
N...Ms−2(s−1)(s+d−2)ΦM1...Ms = 0 (23)
This equation is invariant under the gauge transformation
ΦM1...Ms → ΦM1...Ms +∇M1ΛM2...Ms , Λ
N
NM3...Ms = 0 (24)
We would like to work in holographic gauge in which all the z-components of the gauge field vanishes,
so we shall generalize the holographic gauge from vector and rank-2 tensor to rank-s tensor
Φz...z = Φµ1z...z = · · · = Φµ1...µs−1z = 0 (25)
One can always make this gauge choice because given a general field Φ
(0)
M1...Ms
, one can perform a gauge
transformation Φ→ Φ +∇Λ so that
Φ(0)z...z +∇zΛz...z = 0 (26)
Φ(0)µ1z...z +∇zΛµ1z...z = 0 (27)
. . .
Φ(0)µ1...µs−1z +∇zΛµ1...µs−1 = 0 (28)
The number of gauge parameters are just right to satisfy the set of equations and fix the holographic
gauge for generic spin- s gauge field.
The bulk gauge field is dual to totally symmetric, traceless, conserved rank-s tensor on the boundary:
Oννµ3...µs = 0 , ∂νO
ν
µ2...µs = 0 (29)
In holographic gauge, only three components of the bulk equation are non-trivial, they are
for zzµ3 . . . µs components:
s(s− 1)
2
∂2zΦ
α
αµ3...µs+
(
s(s− 1)(2s− 3)
2
− s
)
1
z
∂zΦ
α
αµ3...µs+
(
2− s(s− 1) +
s!
2(s− 4)!
)
1
z2
Φααµ3...µs = 0
(30)
for zµ2 . . . µs components:
(2− s(s− 1))
1
z
∂αΦ
α
µ2...µs−s∂z∂αΦ
α
µ2...µs+
s(s− 1)
2
(
∂z∂µ1Φ
α
αµ2...µs +
s− 1
z
∂µ1Φ
α
αµ2...µs
)
= 0 (31)
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for µ1 . . . µs components:
z2
(
∂2z + ∂α∂
α
)
Φµ1...µs + (2s+ 1− d)z∂zΦµ1...µs + 2(s− 1)(2− d)Φµ1...µs − s∂µ1∂αΦ
α
µ2...µs
+
1
2
s(s− 1)
(
∂µ1∂µ2Φ
α
αµ3...µs − gµ1µ2z∂zΦ
α
αµ3...µs − (s− 2)gµ1µ2Φ
α
αµ3...µs −
s∑
i=3
gµ1µiΦ
α
αµ2...µi−1µi+1...µs
)
= 0 (32)
and all the other components with more than two z’s vanish trivially.
Since the boundary currents are conserved and traceless, we can consistently set
Φααµ3...µs = 0 (33)
∂αΦ
α
µ2...µs = 0 (34)
and we have the µ1 . . . µs component of the equation as
(
∂2z + ∂α∂
α
)
Φµ1...µs +
2s+ 1− d
z
∂zΦµ1...µs +
2(s− 1)(2− d)
z2
Φµ1...µs = 0 (35)
To turn the problem of constructing spin- s gauge field into constructing sclars, we define4
Yµ1...µs = z
sΦµ1...µs (36)
as a multiplet of scalars. And the equation for Yµ1...µs is
∂α∂
αYµ1...µs + z
d−1∂z
(
z1−d∂zYµ1...µs
)
−
(s− 2)(s+ d− 2)
z2
Yµ1...µs = 0 (37)
which is just the free scalar equations with a mass parameter
m2 = (s− 2)(s+ d− 2) (38)
corresponding to scaling dimension
∆ = s+ d− 2 (39)
The near-boundary behavior of Yµ1...µs is
Yµ1...µs ∼ z
∆Oµ1...µs (40)
So one can directly construct the bulk spin- s field:
Φµ1...µs =
Γ
(
s+ d2 − 1
)
π
d
2 Γ (s− 1)
1
zs
∫
t′2+|y′|2<z2
dt′dd−1y′
(
z2 − t′2 − |y′|2
z
)s−2
Oµ1...µs(t+ t
′,x+ iy′) (41)
for field with integer spin s > 1. We see the field behaves like z∆−s = zd−2 near the boundary. Also, it
gives rise to the expected scaling dimension of the conserved boundary currents.
4Just like in spin-1 and spin-2 cases, this amounts to expressing the higher spin fields in the vielbein basis: Ya1...as =
eµ1a1 . . . e
µs
asYµ1...µs with e
µi
ai
= z
RAdS
δµiai .
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4 AdS covariance
In this section we check the covariance of the construction. We apply Anti de Sitter group trans-
formations to the local operator constructed in last section, and see if it is covariant up to gauge
transformations.
The covariance under dilation is pretty straightforward, since both sides of (41) have the same scaling
dimension and thus rescaled in the same way when applied by a dilation. The special conformal transfor-
mations are less-trivial. The bulk AdS isometries that correspond to special conformal transformations
are
xµ → xµ + 2b · xxµ − bµ
(
x2 + z2
)
(42)
z → z + 2b · xz (43)
Also, for a higher spin field we’ve
ΦM1...Ms → Φ
′
M1...Ms =
∂xN1
∂xM1
. . .
∂xNs
∂xMs
ΦN1...Ns (44)
which gives transformation laws for components:
δΦzz...z = δΦzz...µs = · · · = δΦzzµ3...µs = 0 (45)
δΦzµ2...µs = 2zb
αΦαµ2...µs (46)
δΦµ1...µs = 2b
α
s∑
j=1
xµjΦαµ1...µj−1µj+1...µs − 2x
α
s∑
j=1
bµjΦαµ1...µj−1µj+1...µs − 2s (b · x)Φµ1...µs (47)
These transformations bring the gauge field out of holographic gauge, which requires a compensating
gauge transformation to recover the holographic gauge. Such a gauge transformation takes the form
δΦzµ2...µs =
1
z2s−2
∂zǫµ2...µs (48)
δΦµ1...µs =
1
z2s−2
s∑
j=1
∂µj ǫµ1...µj−1µj+1...µs (49)
with the gauge parameters
ǫµ2...µs = −
Γ(s+ d2 − 1)
22−sπ
d
2 2Γ(s)
∫
ddx′Θ(σz′)(σzz′)s−12bαOαµ2...µs (50)
where we defined the AdS invariant length as
σ =
z2 + z′2 + (x− x′)2
2zz′
(51)
and in the gauge parameter above, σz′ and σzz′ should be understood as in the limit z′ → 0 (they are
‘regularized’ AdS invariant lengths). Then we have
δΦzµ2...µs = −2zb
αΦαµ2...µs (52)
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and
δΦµ1...µs = −
Γ(s+ d2 − 1)
22−sπ
d
2Γ(s− 1)
1
z2s−2
∫
ddxΘ(σz′)(σzz′)s−2
s∑
j=1
(x− x′)µj2b
αOαµ1...µj−1µj+1...µs (53)
We see the Φzµ2...µs components are brought back to zero and holographic gauge restored, while Φµ1...µs
components get an extra piece from gauge transformation which combines with the AdS transformation
and gives
zsδΦµ1...µs =
Γ(s+ d2 − 1)
π
d
2 Γ(s− 1)
∫
ddxΘ(σz′)(2σz′)s−2
s∑
j=1
(
2x′µj b
αOα...µs − 2x
αbµjOα...µs
)
−2s (b · x) zsΦµ1...µs
(54)
This can be further simplified if we consider current conservation, which gives∫
ddx′Θ(σz′)(σzz′)s−1∂αΦαµ2...µs = 0 (55)
Integrating by parts, we get ∫
ddxΘ(σz′) (σz′)
s−2
(x− x′)αOα...µs = 0 (56)
This suggests we can replace the x′ with x in (54) above:
zsδΦµ1...µs =
Γ(s+ d2 − 1)
π
d
2 Γ(s− 1)
∫
ddxΘ(σz′)(2σz′)s−2
s∑
j=1
(
2xµjb
αOα...µs − 2x
αbµjOα...µs
)
− 2s (b · x) zsΦµ1...µs
(57)
= zs
s∑
j=1
(
2xµj b
αΦα...µs − 2x
αbµjΦα...µs
)
− 2szs (b · x)Φµ1...µs (58)
which matches with the transformation of the boundary current under special conformal transformations
when one combines it with the transformation of the integration measure:
δOµ1...µs =
s∑
j=1
(
2xµj b
αOα...µs − 2x
αbµjOα...µs
)
− 2(d+ s− 2)(b · x)Oµ1...µs (59)
5 Non-locality at two-point functions
In this section we look at two-point functions between a spin- s bulk gauge field and spin- s boundary
conserved current. As spin goes up, the structure of such correlation functions involve more and more
complicated tensor structures. Hence a more convenient way of studying them is to contract the indices
with null vectors, forming contracted operators without indices.
5.1 Two-point function of operators contracted by same null vector
Here we start from two-point function of spin- s operators that are formed by contracting with a
certain null vector nµ for all the indices of both the spin- s currents. The advantage of this approach
is that we can keep the calculation under control as s goes up, without worrying about the tensor
9
structure which becomes more and more complicated otherwise. We lose some of the terms in the two-
point function, because any term in the contraction that is proportional to ηµν vanishes when contracted
with nµnν . Still the correlation functions of these contracted tensors reflect generic features of the terms
that appear in the full tensor structure. We will see that the two-point correlation function between a
contracted bulk gauge field and a contracted boundary current exhibit both bulk and boundary lightcone
singularities, and is thus acausal. This kind of acausality is allowed as it is due to the gauge redundancy
of the fields we are constructing, and thus not causing any physical trouble.
The contracted spin- s current is defined as:
O(s) ≡ nµ1 . . . nµsOµ1...µs , n
µnµ = 0 (60)
In a d-dimensional CFT, the two point function for such spin- s conserved current operators is
< O(s)(x)O(s
′)(0) >= δss′
(
1
x2
)s+d−2(
2(x · n)2
x2
)s
(61)
Then the two-point function of a spin- s gauge field and a spin- s conserved current is written as
< Φ(s)(t, z,x)O(s)(0) >=
Γ
(
s+ d2 − 1
)
π
d
2 Γ (s− 1)
1
zs
∫
t′2+|y′|2<z2
dt′dd−1y′
(
z2 − t′2 − |y′|2
z
)s−2
< O(s)(t+ t′,x+ iy′)O(s)(0) > (62)
To evaluate this integral, we must handle the hidden powers of xµi . They give tensor structures that
can be quite complicated for high spins. For example for spin-one we have
xµxν
(x2)d
=
1
2(d− 1)
ηµν
(
1
x2
)d−1
+
1
4(d− 1)(d− 2)
∂µ∂ν
(
1
x2
)d−2
(63)
We notice that there is a term proportional to ηµν which is eliminated when contracting with null
vector nµ and only the second term, which is a total derivative, remains. Generically for higher spin
two-point functions, the tensor structure can always be written down as a sum of terms with different
powers of ηµν and derivatives. Then any term with ηµν vanishes when contracting with null vectors and
what remains is always a term with 2s derivatives on a d-dimensional scalar function:
< O(s)(x)O(s)(0) >= 2s
(x · n)2s
(x2)2s+d−2
=
(d− 3)!
2s(d+ 2s− 3)!
(n · ∂)2s
(
1
x2
)d−2
(64)
Thus the two-point function here is obtained by applying derivatives on a certain integral:
< Φ(s)(t, z,x)O(s)(0) >=
Γ
(
s+ d2 − 1
)
π
d
2 Γ (s− 1)
(d− 3)!
2s(d+ 2s− 3)!
1
zs
(n · ∂)
2s
J(s, d) (65)
with
J(s, d) ≡
∫
t′2+|y′|2<z2
dt′dd−1y′
(
z2 − t′2 − |y′|2
z
)s−2(
1
−(t+ t′)2 + |x+ iy′|2
)d−2
(66)
The integral is evaluated to be
J(s, d) =
π
d
2 Γ(s− 1)
Γ
(
s+ d2 − 1
) zs+d−2
x2(d−2)
F
(
d− 2,
d
2
− 1, s+
d
2
− 1,−
z2
x2
)
(67)
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We see that in general it gets singularities on boundary lightcone from the factor 1
x2(d−2)
, as well as on
bulk lightcone from the hypergeometric function. The bulk singularity is what one would expect because
the bulk locality demands the operators to commute at space-like separation and fail to commute at time-
like separation. Thus we need a singularity on the lightcone as otherwise the property of operators being
commuting at space-like separation can be analytically continued outside the spatial lightcone without
any obstacle, thus failing to give a non-vanishing commutator at time-like separation and vice-versa.
But the boundary lightcone doesn’t necessarily imply the same from the bulk point of view; singularities
on the boundary lightcone means that two bulk operators fail to commute even when they are space-like
separated, as long as they appear to be time-like separated when projected onto the boundary. Therefore
the two-point functions appear to be non-local. But since they are gauge-dependent, such acausality is
allowed.
5.2 Correlation function with different null vectors
In the previous subsection, we have computed the two-point function between two spin- s boundary
operators contracted with the same null vector. As we have mentioned before, doing so makes us lose
some information about the two-point function and is usually not how they are generally treated in higher
spin theories. Here we generalize the calculation by introducing different null vectors [34] separately for
the two spin- s operators. The final bulk-boundary propagator is then obtained as a sum of terms with
each term showing both the bulk and boundary lightcone singularities.
The conformal invariant two-point function for the boundary currents is
〈Os1 (n, x1)Os2 (n
′, x2)〉 = δs1s2c(s1)R
s1
nn′
(
1
x212
)d−2
(68)
Here c(s1) is the normalization of two-point function in the CFT which we can set to 1 for all the gauge
fields. On the other hand,
Rnn′ =
1
x212
(
n · n′ −
2(n · x12)(n
′ · x12)
x212
)
This quantity encodes part of the full tensor structure one gets in the full correlation functions. Here
we are contracting all the indices of an operator with a certain null vector, and for the operators in the
correlation function we assign an independent null vector for each. That is, in this case we can have
different null vectors for the first and second operators in the two-point function. Notice that once we
set n = n′ in the expression above we are back to the two-point function computed in the section above.
Thus it can be thought of as a generalization of the calculation there.
Continuing with different null vectors, the two-point function can be decomposed into a sum using
binomial theorem:
〈Os1(n, x1)Os2(n
′, x2)〉 =
∑
m
δs1s2c(s1,m)(n · n
′)s1−m
(
1
x212
)d+s1−2(2(n · x12)(n′ · x12)
x212
)m
(69)
Now we smear the first operator in the two-point function with the prescription established in the
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previous sections:
zs〈Φ(s)(n, x1)Os(n
′, x2)〉 =
Γ
(
s+ d2 − 1
)
Γ (s− 1)πd/2
∫
Bd
dt′dd−1y′ (σz′)
∆−d
∑
m
c(s,m)(n · n′)s−m
1
xd+s−212
(
2(n · x12)(n
′ · x12)
x212
)m
(70)
where the integration is over a ball of radius z (and z′ → 0 for normalization). The only combination for
the terms in the parenthesis, that transform covariantly under conformal transformation, is given by a
combination of ηµν and partial derivatives (for an analogous expression for spin-1 and 2 cases, see [11])
and the factors of 1
x212
associated with it could be found out by dimensional analysis. These facts give a
unique series expansion for the bulk-boundary correlator given by5
zs〈Φ(s)(n, x1)Os(n
′, x2)〉 =
Γ
(
s+ d2 − 1
)
Γ (s− 1)πd/2
∑
m
c(s)
∫
Bd
dt′dd−1y′ (σz′)
∆−d
(n · n′)s−m
(
c1(ηµν)
m
(
1
x212
)d+s−2
+ · · ·+ cm (∂µ∂ν . . . (m terms))
(
1
x212
)d+s−m−2)
(71)
Now to understand the causal structure of the field Φ(s)(n, x), we define, as in [11], the quantity
Jm(s, d) =
∫
Bd
dt′dd−1y′ (σz′)
∆−d
(
1
x212
)d−m
(72)
So we need to understand the causal structures of J2−s(s, d) for various values of s and their derivatives.
Once again following the same steps as in [11] or the last subsection, we find that they contain both
bulk and boundary light cone singularities via terms like (taking x2 = 0 e.g. and calling x1 = x)
J2−s(s, d) ∼
zs+d−2
x2(d−2+s)
F
(
d− 2 + s, b, b,−
z2
x2
)
, b =
d
2
− 1 + s
Because each of the terms in the bulk-boundary correlator has both the bulk and boundary lightcone
singularities, once again the gauge fields Φ(s)(n, x) don’t satisfy bulk locality.
6 Non-locality at three-point functions
To understand the dynamics of quantum gravity in the presence of higher spins in AdS space, the
first step will be to go beyond free bulk theory and to introduce interactions between the higher spins, i.e.
to do 1/N perturbation. Although as N is still large, we can expect the bulk theory to have properties
that we will expect in semiclassical theories. Indeed in [8], [35] and [36] it was shown using the smearing
technique that up to spin-2, it is possible to construct local bulk operators just from the principles of
microcausality. In this section we study the same for spins higher than 2. More precisely we study the
three point function involving a higher spin bulk gauge field and boundary higher spin conserved currents
5Of course the spatial direction of x1 in the integrand should be thought of as having analytic continuation to imaginary
y1 direction.
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(using the leading order smearing function)6. We find that once again the gauge fields fail to satisfy
bulk causality. For technical reasons, our results are more limited from the earlier results up to spin 2.
For example, we do not find out the precise ‘gauge invariant’ higher spin boundary currents which, if
exist, should have the correct locality properties with e.g. a charged bulk scalar (whose definition might
involve the need to include a smeared tower of non-primary boundary operators7 [35]). Also, e.g. we do
not find the precise bulk gauge invariant higher spin operator, which, presumably upon modifications
by smearing of higher (conformal) dimensional boundary currents, will commute with another boundary
current.8 However, we refer the readers to section 8 where we briefly comment on bulk locality at higher
orders in 1N .
The three-point function for higher spin conserved current in CFTd has been given by [37] e.g.
9 It
takes the form
〈Os1(x1)Os2(x2)Os3 (x3)〉 =
〈〈Os1Os2Os3〉〉
|x12x13x23|d−2
Once again different currents have been contracted by different null vectors to keep the treatment general.
Here
〈〈Os1Os2Os3〉〉 =
min[s1,s2,s3]/2∑
k=0
ck〈〈Os1Os2Os3〉〉
k
with
〈〈Os1Os2Os3〉〉
k =
3∏
i=1
eVi
3∏
i<j=1
0F1
(
d
2
+ 2k − 1,−
Rij
2
)
Λ2k1 F
(
1
2
− k,−k, 3−
d
2
− 2k,−
Λ2
2Λ21
)
Λ1 = V1V2V3 +
1
2
(V1R23 + V2R13 + V3R12), Λ2 = R12R13R23
Vi =
aixi,i+2
x2i,i+2
−
aixi,i+1
x2i,i+1
and Rij =
1
x2ij
(
aiaj − 2
(aixij)(ajxij)
x2ij
)
(73)
The only difference here is that the null vectors a’s have dimensions of length, unlike n’s introduced
in the previous section. This means the index-contracted conserved currents have dimension d− 2. At
the end to get three point correlator, we should pick up the term proportional to as11 a
s2
2 a
s3
3 . Under a
6One may ask whether the leading order (in 1/N expansion) smearing function is the correct smearing function to use in
a three-point function. It is not. In fact, this is a way to see that such smearing function is insufficient and to avoid the
singularity structure, probably one needs to add higher dimensional multitrace operators. However, as these are massless
gauge fields, one will find out (like the cases for spin-1 and spin-2 as in [35],[36]) that such modifications are still insufficient
to make the gauge fields local. We don’t show it here.
7The appearance of non-primary operators turn out to be necessary as the charged bulk scalars transform anomalously
under AdS isometries.
8However the statement of gauge invariance from three-point function level and from spin-2 case is already quite uncertain.
For example, the field strength tensor for spin-1 remains a local operator at order 1/N . But, it is not clear whether the same
is true for Weyl tensor [36].
9Equivalent expressions are given in e.g. [38]. But their construction is based on the embedding formalism of AdS space
(discussed therein). The smearing construction in embedding language is briefly discussed in [23]. See also [33], [34].
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conformal transformation x→ xˆ, these null polarization tensors also transform as
aµi → aˆ
µ
i =
∂xˆµ
∂xν
∣∣∣∣∣
x=xi
aνi
All one needs to do now is to smear the first operator Os1 to construct a higher spin bulk operator using
the higher spin smearing function and study its commutator with another operator (e.g. Os2) where
they are spacelike separated from one another. Once again, to realize that the commutator changes as
we go from a timelike to spacelike separation, it suffices to consider a bulk-boundary three-point function
and study its singularity structures:
< Φ(s)(t1, z,x1)O
(s)(0)O(s)(x3) >
=
Γ
(
s+ d2 − 1
)
π
d
2 Γ (s− 1)
1
zs
∫
t′21 +|y
′
1|
2<z2
dt′1d
d−1y′1
(
z2 − t′21 − |y
′
1|
2
z
)s−2
< O(s)(t1 + t
′
1,x1 + iy
′
1)O
(s)(0)O(s)(x3) >
(74)
Once again we expect the answer to involve both bulk and boundary lightcone singularities. But as is
clear from (73), the full calculation is quite messy. Below we will make some approximations to simplify
the calculation and to clearly see the structure of the non-locality.
We start with x2 = 0 and x3 → large. Also, as we are most interested in the x1 integral, we will
mainly concentrate on the x1 dependent terms below
10. We see that only V1 and V2 has x1 dependence
which go as − a1x1 −
a1
x3
and − a2x1 +
a2
x3
respectively. On the other hand V3 → 0. Similarly only R12 has x1
dependence which goes as 1
x21
. As a result, Λ1 has no x1 dependence and Λ2 →
1
x21
. We will also need to
see how the hypergeometric functions 0F1 and F behave. Using their series expansions, we see that in
this limit
0F1
(
d
2
+ 2k − 1,−
Rij
2
)
, F
(
1
2
− k,−k, 3−
d
2
− 2k,−
Λ2
2Λ21
)
∼
∞∑
m=0
(
1
x21
)m
So, at the end the integral at the right hand side of (74) contains terms like
J ′(s, d) ≡
∞∑
m,n=0
∫
t′21 +|y
′
1|
2<z2
dt′1d
d−1y′1
(
z2 − t′21 − |y
′
1|
2
z
)s−2
(
1
−(t1 + t′1)
2 + |x1 + iy′1|
2
) d−2
2 +m+n
e
−(a1+a2)
(
1
−(t1+t
′
1)
2+|x1+iy
′
1|
2
) 1
2
∼
∞∑
m,n,l=0
∫
t′21 +|y
′
1|
2<z2
dt′1d
d−1y′1
(
z2 − t′21 − |y
′
1|
2
z
)s−2(
1
−(t1 + t′1)
2 + |x1 + iy′1|
2
) d−2
2 +m+n+
l
2
(75)
where in the last line we have expanded the exponential. We see that each term of the series is just like
(72). In fact we have
J ′(s, d) ∼
∑
m,n,l
π
d
2 Γ(s− 1)
Γ
(
s+ d2 − 1
) zs+d−2
x2(
d−2
2 +m+n+
l
2 )
F
(
d− 2
2
+m+ n+
l
2
,m+ n+
l
2
, s+
d
2
− 1,−
z2
x2
)
10Note that at the end all the terms are multiplied together, so it’s okay to work this way.
14
For each term in the series we have both boundary lightcone singularities as x2 → 0 and bulk lightcone
singularities via the z
2
x2 factor in the hypergeometric function. They survive for every m,n, l ∈ Z
+. We
should however note various shortcomings of the above calculation. Not only that we don’t have a closed
form expression, the result is also obtained at particular limiting values of the boundary coordinates
and is hence non-covariant. It will be fulfilling to obtain a result in fully covariant form in terms of AdS
covariant distances of various operators.
7 Higher spins in de Sitter
In this section we change the gear slightly and discuss the higher spin construction in dS space.
As shown in [23], a local scalar field in dS is given by smearing two sets of boundary operators of
‘complementary’ conformal dimensions O∆ and Od−∆. For example, for bulk operators with m
2 >
(
d
2
)2
one has (η here is the time coordinate; see (82) below)
Φ(η,x) =
Γ
(
∆− d2 + 1
)
πd/2Γ (∆− d+ 1)
∫
|x′|<η
ddx′
(
η2 − x′
2
η
)∆−d
O∆(x+ x
′)
+
Γ
(
d
2 −∆+ 1
)
πd/2Γ (1−∆)
∫
|x′|<η
ddx′
(
η2 − x′
2
η
)−∆
Od−∆(x+ x
′) (76)
However, there are few subtle issues regarding constructing higher spin fields in de Sitter background,
namely the higher spin fields in dS behave like scalars in dS with m2 < (d/2)2. This is problematic
as then their boundary components fall off at different rates and aren’t oscillatory (although this is
not a pathology itself, as the boundary theory is non-unitary). Thus they don’t always have a good
positive/ negative frequency interpretation (although, if the spins are non-integers or we have non-integer
conformal dimensions, one can analytically continue the construction of m2 > (d/2)2 in dS to this case).
Hence to tackle the higher spins in dS, a minimalist point of view was taken in [23]. Namely, one can
just analytically continue the AdS result of higher spins to the dS case by an analytic continuation
of coordinates. However, this construction is manifestly acausal as here one simply ignores either the
positive or negative frequency modes of the bulk fields11. To make a causal construction in dS, one must
incorporate both the boundary operators and sources [23],[24].
More technically, if one wants to use the dS scalar smearing function with ∆ = s+ d− 2, one finds
that for s > 1 (s, d integers) there are divergences from the gamma functions (appearing as the pre-
factors of the smearing function) and for s = 1, there’s a problem with splitting of Wightman function
of Euclidean vacuum, which in turn makes it impossible to write the bulk field in terms of smearing two
sets of boundary operators over a finite support.
However the technicalities could be overcome, if one starts from AdS smearing function on a cut-off
surface (without imposing the normalizability condition) and then analytically continues to dS and take
11Note that this is acausality of construction, not the acausal property of higher spin gauge fields discussed before. This
way one can’t even construct a higher spin gauge invariant operator which is causal.
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the boundary limit. In [24] it was done for massless scalars in AdS2 and it reproduces the correct dS2
massless scalar smearing (thereby all the causality properties of its correlator). It is also possible to
extend it for higher dimensions and massive cases, although it is then technically difficult to confine the
smearing support over a finite region. But nonetheless a construction is possible. Now to address the
specific mass range in question, i.e. dS with m2 < (d/2)2 one can simply start from higher spin fields
on AdS (for which m2 > −(d/2)2) at the cut-off surface and analytically continue the result to dS. Not
only it should then reproduce the required smearing function, it also corresponds to the required mass
range for dS. But as the behavior of higher spin fields in AdS is nothing but similar to massive scalars
in AdS, one can simply borrow the results of scalar smearing on the cut-off surface.
To begin, we start with our results in section 3, where we found out that the higher spin fields in AdS
behave like massive scalars which correspond to boundary fields of conformal dimension ∆ = s+ d− 2.
We assume that the cut-off surface is located at z = z0 and as the standard near boundary behavior of
a scalar field, it also behaves around the cut-off surface as
jcut(x, z0) = z
−d+∆Φ(z, x)|z→z0 and
φb,cut(x, z0) = z
−2νz∂z(z
−d+∆Φ)|z→z0 (77)
Note that we get the correct z → 0 behavior from here as we take z0 → 0 and also that as we take z0 → 0,
the boundary value operators φb,cut and jcut become boundary operators of dimensions ∆ and d − ∆
respectively (as one needs for dS smearing functions). Note that usually these two operators are related
and not independent in AdS construction, because of the imposition of the normalizability condition.
But as our goal is to connect it with the dS result, we will not impose any such condition (which is once
again compatible with the non-unitarity of the dS boundary theory). For a massive scalar Φ, which
corresponds to a boundary operator of dimension ∆, standard AdS/ CFT dictates a free massive bulk
scalar Φ has two independent solutions [39]. Their Fourier components are
Φ±(z, x) = e−iωt+ik·xzd/2J±ν(
√
ω2 − k2z) = eiqxzd/2J±ν(|q|z)
with12
ν = ∆−
d
2
=
√
d2
4
+m2, q = (ω,k) and q2 = (k2 − ω2) < 0
The cut-off surface smearing function then becomes [24]
Φ(z, x) =
∫
ddx′K1(x
′|x, z, z0)φb,cut(x
′, z0) +
∫
ddx′K2(x
′|x, z, z0)jcut(x
′, z0) (78)
where
K1 =
∫
ω>|k|
ddq
(2π)d
eiq(x−x
′)πz
ν
0 z
d
2 csc νπ
2
(−Jν(qz0)J−ν(qz) + J−ν(qz0)Jν(qz))
K2 =
∫
ω>|k|
ddq
(2π)d
eiq(x−x
′)πqz
1−ν
0 z
d
2 csc νπ
2
(J1−ν(qz0)Jν(qz) + Jν−1(qz0)J−ν(qz)) (79)
12For ν ∈ Z, J−ν is replaced by Yν . For simplicity we can also assume ν > 0 which is compatible with m
2 > −(d/2)2 for
AdS.
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for non-integer ν and
K1 =
∫
ω>|k|
ddq
(2π)d
eiq(x−x
′)zν−10 z
d
2
(Jν(qz0)Yν(qz)− Yν(qz0)Jν(qz))
q (J1−ν(qz0)Jν(qz0)− Yν−1(qz0)Yν(qz0))
K2 =
∫
ω>|k|
ddq
(2π)d
eiq(x−x
′)z−ν0 z
d
2
(J1−ν(qz0)Jν(qz)− Yν−1(qz0)Yν(qz))
J1−ν(qz0)Jν(qz0)− Yν−1(qz0)Yν(qz0)
(80)
for integer values of ν. We now use the analytic continuation to go from the AdS to dS patch. In (1),
we put (also taking RdS = 1)
z → η, t→ t, xi → ixi and RAdS → iRdS (81)
to obtain the dS metric as
ds2dS =
−dη2 + dx2
η2
(82)
The dS smearing function would then be given by the η0 → 0 limit of (now q being a d-dimensional
vector conjugate to the ‘spatial’ coordinates x)13
K1 =
∫
ddq
(2π)d
eiq·(x−x
′)πη
ν
0η
d
2 csc νπ
2
(−Jν(qη0)J−ν(qη) + J−ν(qη0)Jν(qη))
K2 =
∫
ddq
(2π)d
eiq·(x−x
′)πqη
1−ν
0 η
d
2 csc νπ
2
(J1−ν(qη0)Jν(qη) + Jν−1(qη0)J−ν(qη)) (83)
for non-integer ν e.g. Unfortunately, doing these integrals analytically (and taking the limit of η0 → 0)
seem technically challenging. But they could be carried out example by example. The finite support
of the smearing functions should also then be clear. As mentioned before, starting with the massless
scalars in AdS2 is simplest and using these techniques, it correctly reproduces the known dS2 results
with finite support. In that case, the result is
Φ(η, x) =
1
2
[Od−∆(x+ η) +Od−∆(x− η)] +
1
2
∫ x+η
x−η
dx′O∆(x
′) (84)
8 Conclusion and outlooks
Here the main result of our work is a complete field theoretic construction of higher spin bulk gauge
fields in AdS and dS which also appear in various higher spin AdS/ CFT and dS/ CFT dualities. We
found that the higher spin fields constructed this way is AdS covariant and from studying their two-point
correlators it is evident that they have the non-local behavior, which one expects from a generalized
Gauss law. However, there are also some very interesting questions that remain to be answered. Namely,
it will be really satisfying to see that such non-localities are precisely what one expects from Gauss law
type constraints and whether one can finally build out a local gauge invariant quantity (like a higher
dimensional analog of Weyl tensor) completely out of the boundary observables.14 The higher orders
in 1N are also particularly interesting for reasons mentioned in the introduction. Here We took the first
13At this limit, the fields jcut and φb,cut should be interpreted as Od−∆ and O∆ respectively.
14One such possible candidate is the Freedman- de Wit tensor [40], or rather its traceless part.
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step to study, the already complicated three-point bulk to boundary propagators and noticed that if
one uses the leading order smearing function, it is still possible to distinguish the bulk and boundary
singularities. Before pinpointing the correct smearing function for this order or to study higher point
function, a natural direction seems to just pursue the scalar field construction for four-point function to
study bulk locality [28].
As mentioned before, it is not possible to gauge away the boundary singularities for higher spin gauge
fields because such non-locality is needed from the point of view of bulk Gauss laws [10], [11], [9]. But it
is natural to anticipate locality for gauge-invariant tensors like Fµν or Weyl tensors which also exist for
higher spin theories.15 For now we will leave such calculations involving ‘Weyl tensors’ for future work.
However here we point out the direction towards the answers to some of the previous questions.
For example, one can also try to do an alternative calculation to convince themselves that the non-
locality that we get in (74) is at least expected by the bulk Gauss constraints. A possible direction
will be to do a calculation similar to [35] where it was shown for a boundary gauge current that inside
a three-point function with other bulk charged scalars (charged under a U(1) gauge field), it satisfies
the correct Gauss constraint. To this end, one can start with a three point function between a higher
spin conserved current on the boundary and two boundary spin-0 operators with dimension ∆ [41]
(as required by Ward identity). For simplicity here we stick to CFT3 so that the current Oµ1...µs has
dimension (s+ 1). With the help of (73), we get
〈Os(x1, a1)O∆(x2)O¯∆(x3)〉 =
c
|x12||x23|2∆−1|x13|
(2V1)
s
Here Os(x1, a1) are defined as contracting boundary higher spin currents by dimensionless null vectors
as in section 5 and c is a structure constant. Also here the boundary coordinates x1, x2 and x3 have
been taken to have equal time components for simplicity. We can now smear one of the scalars to the
bulk to obtain16
〈Os(x1, a1)Φ(x2, z)O¯∆(x3)〉 =
cΓ
(
∆− 12
)
π3/2Γ(∆− 2)|x13|
∫
t′2+|y′|2<z2
dt′d2y′
(
z2 − t′2 − |y′|2
z
)∆−3
[
2
(
a1x13
x213
− a1x12
x212
)]s
|x12||x23|2∆−1
(85)
The integration appearing here is completely similar to (72). Hence we note that the boundary gauge
invariant higher spin current doesn’t commute with bulk scalars also as the integration inevitably gives
both bulk and boundary lightcone singularities as x12 → 0 (this is of course extendable to higher
dimensions).
But to show the compatibility of this non-locality with the bulk Gauss constraint, the next step
will be to calculate the commutator 〈[Os(x1, a1),Φ(x2, z)]O¯∆(x3)〉 where now we smear the boundary
15More precisely we want Weyl like higher rank tensors which has a vanishing vacuum expectation value in empty AdS
space and transform homogeneously under coordinate transformations.
16Once again x2’s appearing on the right hand side of the equation below is to be understood as already analytically
continued to y′ in their spatial directions.
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operator of dimension ∆ to get a boundary scalar field Φ. Here according to Gauss law, if we integrate
Os(x1, a1) over the two boundary spatial coordinates x1, one expects to obtain
17 [8], [42]
− 〈∂s−1Φ(x2, z)O¯∆(x3)〉 ∼ ∂
s−1
(
z
z2 + x223
)∆
(86)
For example, the fact that we can expect terms like z∆ by integrating (85) is clear from the expression
of Jn(s, d) functions (72). Similarly, one other possible check at the level of three point function will
be to consider two bulk scalar fields charged under the higher spin currents and to check whether they
commute between each other.
However aside from these technicalities, there is a bigger goal to all this. One of the major outcome
of current research is the understanding of higher spins as some limits of string theory itself [43], [44].
And at least for large central charges we now have a complete identification of higher spins from the
corresponding boundary operators which is completely well defined. Thus it remains to be seen if our
present work can play a key role for a gauge theory identification of stringy degrees of freedom.
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